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The influence of homeotropic boundary conditions on the cholesteric-nematic transition is
discussed, starting from the assumption that the director field consists of only components
perpendicular to the helix axis, which is directed parallel to the boundary planes. Attention is
paid to the solution of Cladis and Kléman for the simpler case without magnetic field. Their
solution, consisting of regularly spaced line signularities, is derived in another more transparent
way. Besides it is shown that even director fields without singularities are possible. The presence
of a magnetic field complicates the solution considerably. Now the relevant Euler-Lagrange
equation is solved in an approximate way by partly resorting to the difference method. The
usefulness of the method is demonstrated by applying this technique to the nematic-cholesteric

transition and the Fréedericksz transition in nematics.

1. Introduction

The cholesteric-nematic transition is brought
about by a magnetic (electric) field. This field is
applied perpendicular to the helix axis. As soon as
the field strength reaches a certain threshold value
the system becomes a nematic, i.e. the period
(pitch) 4 of the helix diverges. This type of tran-
sition was discussed by de Gennes [1] and Meyer [2]
for a cholesteric without boundary conditions. The
corresponding transition and its counter part, the
nematic-cholesteric transition, in a cholesteric with
homeotropic boundary conditions were considered
by Greubel [3] and Fischer [4]. According to Greu-
bel the twist axis may be thought to be parallel to
the boundary layers near the cholesteric-nematic
transition and the threshold value of the applied
field may be approximated by the corresponding
one without boundary conditions. Cladis and Klé-
man [5] studied a similar situation without magnetic
field. They obtained a solution describing a twisted
configuration with periodically distributed disclina-
tions on the boundaries.
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It is the purpose of this paper to discuss the
cholesteric-nematic transition in the presence of
homeotropic boundary conditions. A prerequisite
for the appearance of this transition is the existence
of a helix-like director field beneath the threshold
value of the magnetic field. Such a type of director
field was proposed by Cladis and Kléman [5]. This
director field is the starting point of our analysis.
First, for clearness sake, attention is paid to the
simple case without magnetic field. Several types of
solution are discussed. The solution of Cladis and
Kléman is derived in a more transparent way. Even
solutions without line singularities appear to be
possible. Next the general case is discussed, where
the resulting Euler-Lagrange equation is non-linear
due to the presence of the magnetic field. The
Euler-Lagrange equation is solved in an approxi-
mate way by changing it partly into a difference
equation. In order to get an idea about the merits of
this approximation the nematic-cholesteric tran-
sition is calculated in an analogous way. The
Appendix is devoted to the usefulness of the differ-
ence method in the case of the Fréedericksz tran-
sition [6] in nematics. A simple relation is obtained
for the distortion induced by sufficiently large
magnetic fields.
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2. The Euler-Lagrange Equation

Consider a cholesteric layer of thickness d with
homeotropic boundary conditions. The normal to
the layer is taken to be parallel to the z-axis. Con-
sequently the x and y components of the director n
are zero at the boundaries. Next a magnetic field
parallel to the z-axis is applied. The Frank free
energy for a cholesteric in a magnetic field is
given by

Fes _; jdr[Kll (divn)2+ KZZ(" ‘rotn— to)z
+K33('lX1‘Otn)2——AX(n.H)2]’ (21)

where K;;, K, and Kj; are the Frank elastic
constants for the basic distortions, splay, twist and
bend, respectively, Ay is the diamagnetic anisotropy
and H denotes the magnetic field. The natural twist
to is related to the natural pitch py through 7o=
27a/p,.

In order to investigate the cholesteric-nematic
transition brought about by the magnetic field a
helix-like solution is sought, where the helix axis is
assumed to lie along the x-axis. This means that the
director field is described by

n,=0, n,=sinf(x,z), n.=cosf(x,z), (2.2)

where 6 is the angle between the director and its
projection on the z-axis. The function 6(x, z) satis-
fies the boundary conditions

0(x,0)=0(x,d) =0. (2.3)

The functional dependence on x and z is deter-
mined by requiring that the Frank free energy must
be stationary with respect to variations of 6. In
order to avoid unnecessarily complicated mathe-
matics most of the calculations are done assuming

Ky =Ky=Kyi=K.

Substitution of (2.2) in the expression for the Frank
free energy gives

K
=5 [dr[02+ (6, —19)>— A cos? 0], (2.4)

where 5
Al
P2
K
d
an ) _ 20 &0
= =——o. k,/I=x,y,:z.
Y=ok M okel Y

The function 0(x,z) satisfies the Euler-Lagrange

equation
0..46..—Acosfsinf=0. 2.5)

Up to the present an explicit general solution of this

non-linear partial differential equation is not avail-
able.

3. TheCase H=0

In order to find a director field of the form (2.2),
that is periodic in the x-coordinate, with period A
say, and satisfies the homeotropic boundary condi-
tions at z =0 and z = d, one may wish to minimize
the Frank free energy over a periodic region R:
0=x=/,0=:z=d, subject to the boundary condi-
tions (2.3) and the periodicity condition

0(0,z)=0(4,z2), 0=z=d.

(3.1

As a consequence of the variational principle it
follows that 6 has to satisfy Laplace’s equation

0:: +0=0 (32)

in the interior of R, together with the natural
boundary condition

0.0,2)=0.(4,2), 0sz=d.

(3.3)

This natural boundary condition allows a conti-
nuation of the solution, defined for0 =x=4,in a
continuous differentiable way to a solution that is
periodic in x. The only solution obtained in this
way, however, is the trivial one 6 = 0, corresponding
to a constant director field in the z-direction. This is
a simple consequence of Green’s Theorem

“. d.’C dZ 0(0:: + Bxx)
R

6
=—(fdxdz [0§+9§]+59—a—ds, (3.4)
R (4 on

where 0/0n denotes differentiation with respect to
the outward-drawn normal to the boundary curve C
of the region R and ds is a line element of that
curve. The conditions (2.3), (3.1) and (3.3) imply
directly that the boundary integral vanishes, so that
on account of (3.2) it is found that

§f dx dz[62+ 03] =0, (3.5)
R

1.e. 0 is a constant, necessarily zero because of (2.3).
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The lesson to be learned from this argument is
that, if a helix-like solution of the form (2.2) has to
be found, the function 6 cannot be a smooth, periodic
solution of Laplace’s equation. The next-best thing
to do is to look for a non-smooth periodic function
that satisfies Laplace’s equation everywhere except
at a discrete set of values of x, where the solution or
its derivatives may have discontinuities.

For that purpose solutions of Laplace’s equation
are looked for by separation of variables. Putting

0(x,2) = y(x) ¢(2) (3.6
gives
Yox _ ppro _ Pz (3.7)
v 0

The separation constant m? follows from the bound-
ary conditions (2.3), which imply

m?=n?¢®>, n=1,2,... (withg=n/d) (3.8)

and give rise to solutions

0, (x, 2) = Yn(X) 0n(2) = Yu(x) sin(ngz),

n=123,..., (39

where w,(x) is an arbitrary linear combination of
sinh (ngx) and cosh(ngx). The general solution of
Laplace’s equation satisfying the boundary condi-
tions (2.3) then reads

> ap wa(x)sin(ngz). (3.10)

n=1

0(x,z) =

As has already been pointed out, such a function is
not periodic in x. A periodic structure, however,
may be forced by allowing discontinuities.

First attention is payed to the particular solution
0,(x,z). Two out of several ways are discussed to
implement such a periodic structure.

The first way is obtained by restricting the
possibilities to the following three reasonable re-
quirements:

(1) at z=d/2 the director field must complete one
full turn of 2 7 over one period.

(2) the discontinuities are spaced at distances equal
to 4.

(3) the period / is optimized in such a way that the
Frank free energy density, obtained by dividing
the Frank free energy per periodic cell by the
volume of that cell, is minimized.
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The function y,(x), defined by

(3.11)
V,(x)=0a,sinh(ngx) for xe (- % A2
with
2 (3.12)

o =sinh ‘n —;-)
LE

and continued periodically with period 4, gives rise
to a director field that can be interpreted as a helix
and satisfies (1) and (2), the discontinuities being
found at

x=3Q2k+1)4 k=0,t1,%2,....

The sign of the coefficient a, and the length of the
period can then be determined from requirement (3).
The Frank free energy density is given by

K d +%}.
,.=—5 [ dx [(¢n ¥, — 10)* + 0}, W3]
id
0 =]
] K +< ).
=?K15 2—5dx[ At d i
-1
2Kt
— 2 [Wa(32) — ¥n(= 3] noaas (3.13)
nmaA
where
5 _ 1 ifnisodd,
e 0 ifniseven.

In order to find the minimum value of f, as a
function of 4 the sign of a, must be taken positive if
to > 0 for odd n, and can be taken to be positive for
n even: the direction of the rotation of the helix
then fits the natural rotation, thus

Wn(34) = wn(—34) =27 (3.14)
and +1 }.
1 K 2 2
AR S N
2 24 3, y
4Kt
——L 50 0aa- (315
ni

Note that (3.14) implies

0,(3 4, 2) — 0,(— 34, 2) = 2msin(nqz), (3.16)
which shows that the discontinuities in these partic-
ular solutions are not disclinations but sheet singu-
larities.

In order to determine A the expression (3.15)

must be minimized. Here only the case n=1 is
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considered. The simplest way to proceed is to note
that y, = w satisfies

(3.17)

with C=g¢%2? and that the dependence of C on /i
can be expressed by

+n

- (CH v Ray.
Then f) can be written as

yi=C+q*y?

(3.18)

4Kt KC K *
fl——K e e —I [C+q* v dy
(3.19)
and Of,/0/ reduces to
0 4 K K *
S I [C+q*y?]dy. (3.20)

o1 2

Hence there exists a unique optimal period 4, given

implicitly by

8fo=i"[C+q2 w22 dy, (3.21)
provided that

81p> }nqiwidw=qn2, (322)
1.e.

d/py> n*/16. (3.23)

Clearly the appearing discontinuities are sheet sin-
gularities.

It is of interest to note that with the aid of the
solutions (3.9) a non-singular director field can be
composed. For that purpose consider the general

solution
[+ ¢]

e d=rY o, sinh (ngx)

P smh(2 2 sin(ngz) (3.24)

and require that 0 (x, z) satisfies the relation

s A
—.z| = __2 )
0(2, ) 0( 5 )—Zn

forallzwith0 <z < d.
This requirement determines the coefficients a,
uniquely. It follows

(3.25)

®©
Y a,sin(ngz) =1 (3.26)
or !

(3.27)
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Consequently the solution
X 4 inh((2k+ 1) g:
. sinh ((2k + 1) gv)

2o 2k+1) sinh(3(2k+1)g4)
~sin((2k + 1) gz) (3.28)

does not have a sheet singularity but only line
singularities at (x= ——"; 4 z=0), (x=-— %),, z=4d),
(x=7 =0) and (x = =d). The correspond-
ing Jump is m. This means that, although 6O(x, z
possesses singularities, the corresponding director
field does not contain singularities because of the
head-tail symmetry of the director.

The second way of implementing a periodic
structure in the particular solution 6, is to restrict
the possibilities to the following three also reason-
able requirements:

(1) at z=4d/2 the director field must complete a
turn of 7 over half a period;

(2) the discontinuities are spaced at distances equal
to —;/i;

(3) the period 4 is optimized in such a way that the
Frank free energy density of the smooth direc-
tor field in a cell of half a period is minimized.
This means that, considering a cell with the full
period, the contribution due to the discontinuity
of the director field half-way the period is
neglected in minimizing the density per period-
ic cell.

The function y,(x), defined by

Wa(x) =a,sinh(ngx) for xe(—4i374) (3.29)

with .

2 sinh (nq%)

and continued periodically with period 4/2, gives
rise to a director field that can be interpreted as a
helix with period 4 due to the absence of head-tail
effects. Such a director field satisfies (1) and (2),
the discontinuities being found at

=1 Qk+1)4, k=

x,| = (3.30)

0,x1,x2,....

The sign of x, and the length of the period are
determined by requirement (3). The Frank free
energy density over one period, neglecting the con-
tribution due to the discontinuity, reads

Y

K
fn jd“ .i dx [((pn Yn, _t0)2+wn, Wn]

_;,
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+=i
f dx[3 wi +3n2q*yl]
; (3.31)

=1 Wn(54) = Wal(— 34)] n00a -

N

K3+

\|>§

hl—

el
2
4Kf0

Again, 2, is taken to be positive if 75 > 0. Because of

V(54— wn(—32) =T (332)
it is found that .
+Ti
f—jKto+ ) dv[7t//n,+ n? ¢* vl
hd 4Kt
—— 5, 0aa- (3.33)
Note that (3.32) implies
0n(54 2) — 0n(— 57, 2) = msin(ngz), (3.34)

which again shows that the discontinuities are walls.
By way of example f, is minimized for n=1.
Analogous to the previous calculation use is made
of (3.17) with y, = y, where the dependence of C on
/. reads in the underlying case

+n/2

1= | [C+q?y I dy. (3.35)
—n/2
Then f) can be written in the form
1 4Kty  KC 1<*"/2
fi=5 Rif-——=——7=%> | [C+g*¥1 dy
i e (3.36)
and 0f}/0/ reduces to
ofi 4Ky K2
a—f/f= ;20 5 | [C+4q* )2 dy. (3.37)
g t 4 —n/

Hence there exists a unique optimal period 4 deter-
mined by

+n/2
4t9= [ [C+q*y]dy (3.38)
—-n/2
provided that
+n/2 2
410> | qlyldy= q: (3.39)
1e. e
d/py > n%/32. (3.40)

Comparing this result with the previous result
(3.21) it must be concluded that the second way of
implementing a helix-like director field gives rise to
a lower d/p, ratio for the appearance of this type of
structure, if any.
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So far for the investigation of the particular
solution 0,(z). By construction, for each n, 6, has
sheet singularities at well defined planes.

It is known that Cladis and Kléman [5] con-
structed a solution of Laplace’s equation which
satisfies the boundary conditions (2.3) and has only
disclinations (i.e. line singularities) at regularly
spaced intervals. More precisely, they showed that
(in the underlying notation)

27
Ock(x,2) = r X (3.41)

cosh (471—"(2 —i))
+ 3 (=1)" A 2 Sin(4nnx)

= 2nnd )
w1 & c sh( nﬂn ) .
. A
satisfies , (3.42)
0.\'.\'+0::=0’ _i<x<i, 0<Z<d,
4 4
A
9(x,0)=0(x,d)=0 for _T<x<7,
(3.43)
0 L3 -0 =2 e for 0<z<d
4,2 4,2 =n for z .
(3.49)

Note that in the expression for Ock there appear
particular solutions of Laplace’s equation viz.

(27/A)x and ,
4nn _i " 4nnx
2 G2 )

0,(x, z) = cosh (

Each of these solutions does not satisfy the bound-
ary conditions (3.43), but in Ock they are taken
together in such a way that the boundary conditions
and the periodicity condition (3.44) are satisfied. It
is also possible to construct the Cladis-Kléman solu-
tion with the particular solutions (3.29) considered
above:

7 _sinh(ngx)

0,(x,2z) = > T 7\ sin(ngz). (3.45)
sinh (n q 71_)
For that purpose consider
O(x,z)= ila,, 6,(x, z) (3.46)
and require that 0 (x, z) satisfies (3.44), i.e.
ia,, sin(ngz)=1 for ze (0,d). (3.47)

n=1
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This requirement determines a, uniquely and gives
4

an=—"—" 6n,odd . (348)
nn
Consequently
- 2 inh ((2k + 1
- sinh ((2k +1) g)
k=0 2k +1)

sinh ((2k +1)g %—)
-sin((2k+1) g2) (3.49)

is a solution of (3.42), (3.43) and (3.44). The
solution (3.49) and that of Cladis-Kléman coincide
because this boundary value problem is uniquely
solvable.

4. The Cholesteric-Nematic Transition

First of all it must be remarked that minimization
of the Frank free energy with 6(x, z) satisfying the
boundary conditions (2.3) and (3.1) together with
the natural boundary condition (3.3) gives rise to
0(x,z)=0. It can be proven that non-trivial solu-
tions of (2.5) satisfying these boundary conditions
do not exist. Consequently periodic structures must
be imposed as discussed in the previous section.

The influence of the homeotropic boundary con-
ditions on the cholesteric-nematic transition can be
reasonably approximated by resorting partly to the
difference method. This method boils down to the
following approximation of 6. and 6,.:

0. (x,2)= % [6(x,z+ h)—6(x,z—h)], (4.1a)

0..(x,2)= —hl—2 [0(x,z+ h)+0(x,z—h)—26(x, 2)]
(4.1b)

with h=d/N and z=dj/N, j=1,2,....,N—1.
Clearly this difference method makes explicitly use
of the symmetry of the problem and the boundary
conditions. In order to gain an insight into the effect
of the boundary conditions it suffices to study the
case N=2 in a first approximation, i.e. only the
middle of the layer, z=d/2, is considered. Then it
holds

(4.2a)

d 8 d
0::(.\’, 7) == E 0 (.\’, ?) . (42 b)

1
/=—Kﬁb—

Next consider the non-linear partial differential
equation (2.5) at z = d/2. Substitution of (4.2) gives
rise to the non-linear differential equation

8

——(ﬁH+0n——Asin0c050=0, 4.3)

d
where 0=0(x, ?), 1.e. 6 depends only on the

coordinate x.

In order to obtain a helix-like solution the second
way of implementing a helix-like structure, as men-
tioned in Sect. 3, is followed. This means that again
discontinuities are allowed in the form of walls. The
differential equation (4.3) is solved in exactly the
same way as the one concerning the cholesteric-
nematic transition without boundary conditions [1].
For that purpose multiply (4.3) with 0, and inte-
grate. This gives

8
K0 ——KO0*+ Ay H*cos*0=C.

p (4.4)
The pitch 4 (H) of the helix is determined by
/2 8 -112
MH)y=4)K | |C + 5 K6>— AyH?*cos?0| dé.
0
(4.5)

Next it is important to know the dependence of C
on H. For that purpose the free energy density
associated with the differential equation (4.3) must
be minimized with respect to C. This Frank free
energy density reads

2 TAH)

_ i X2
/ A g d,\[K(()_\. 1))

(4.6)
8 2 D) s D
+?K() — Ay H*cos“0|.

Substitution of (4.4) in (4.6) gives
4rn B C & 8
wwi(Hy Ki3 I(H)RVK

2

n/2

8 172
- (C+;1—§K02—A1 H2cos20) dB]. 4.7)
0

Minimization of f with respect to C results into
of _ [ 4n 8
o0C |ti(H) 2H)13VK

= 8 y . aR o]
C g(C+—d—2K0 —AZH CcoS 0) d@]ﬁ
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Inserting (4.14) into (2.5), and then taking z = d/2,

Asinycos =0, (4.15)

i.e. all subsequent calculations remain valid provid-

The general case with mutually differing elastic
constants can be dealt with in an analogous way.
Now the critical field H, is determined by the
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| 2 4
Ki5  i(H) VK shows that (4.3) changes into
/2 8 -1 (% — Y e~
£ C+;3K02 A;(Hzcosz(i] do=0.
This means, using Eq. (4.5), ed that 8/d? is replaced by g2
/2 8 +12
—101/— j C+—1<92 Ay H*cos?6|  do.
(4.9)  equation

The critical field H, inducing the cholesteric-
nematic transition is obtained in the following way.
At the transition it holds 4A(H;) = oo. According to
(4.5) this means that

8 - =122
C,+;K0 Ay H} cos? 6

must diverge at § = 0, where C, =
immediately that

C(H,). It follows

(4.10)

The equation that determines H, is obtained by
substituting (4.10) in (4.9). It results

n/2 8 172
—’OV— J[Alesmsz?Kﬂz] do. (4.11)

Analytical expressions for H, can be obtained for
small po/d ratios. Then the critical field H, appears
to be given by

2 8 (po)?
AXH%=—t3K[1——4a(@H, (4.12)
4 n d
where
n/2 02
= | d0——=x1.56. 413
a ;‘) sin 6 ( )

Expression (4.12) reduces to the result of de Gennes
[1] and Meyer [2] in the limit po/d — 0. In that limit
the appearing sheet discontinuities disappear as
well.

It should be remarked here that the difference
method used, N =2, amounts to an approximation
of the solution by a quadratic function of z:

d z z
0(.\’,-)~0(x,?) '47(1—7).

An approximation of the same status can be
obtained by taking the first Fourier component
only:

0(x,z) x w(x)singz. (4.14)

n/2

[0 VKz = I do [AXH]SIH20+—(K33+K||)6

172

+:13(1<33— K1) (0sin20—sin20)| . (4.16)

For small py/d ratios an analytical expression for H,
can be obtained reading

2
L _4 [ KntKu
AXH| 4 oKzz[l 7{4( K22 a
Ky — Ky po\’
4B e 4.17
K2 o ))(d » 1D

where the constant a is given by (4.13). In the limit
(po/d) = 0 this expression reduces to the well-
known result.

5. The Nematic-Cholesteric Transition

In order to calculate the nematic-cholesteric tran-
sition the director field is described by

ny=sinfsin g, n,=sinfcosgp, n.=cosb, (5.1)

where 6 is the angle between the director and its
projection on the z-axis, being perpendicular to the
layer, and ¢ is the angle between the projection of n
on the xy-plane and the y-axis. The functions 6 and
¢ are assumed to be only dependent on z. The
resulting Frank free energy density is now given by

d

f=—2l—d de [(Ky, sin? 0 + K3j; cos? 0) 03
0

+ (Ky sin? 0+ K33 cos26) sin?0 ¢ (5.2)
—2Kyty sin? 6 0.+ Ky l% — Ay H? cos? a].

The functions ¢(z) and #(z) are determined by the
requirement that they must minimize f. This means
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that they satisfy the following Euler-Lagrange equa-
tions:

d
F = [sin? 6 [(Ky sin® @ + K33 cos?0) ¢, — K t0]] =0,
- (5.3a)

(K, sin? 0 + K33 c0s2 0) 0.. + (K;;— K33) sinf cos 0 62
— (K5 sin? 0 + K33 cos?0) sin 6 cos 6 ¢?

— (Ky» — K33) sin® 0 cos 6 g% + 2 K5, to sin 6 cos 6 .

— Ay H*sinfcos 0=0. (5.3b)
[t follows directly from (5.3 a) that
Kyt
z20 (5.4)

= Ky sin? 0+ K3y c08% 60

Substitution of (5.4) in (5.3b) gives the equation
for 0:
(K, sin? 0 + K33 c0820) 0. + (K ,;— K33) sinfcos 662

sin 6 cos 6
[Ky; sin? @ + K33 cos? 0]

— Ay H*sinfl cos 0=0.

)
+ K33 K35 15

(5.5)

The critical field H, is obtained by linearizing this
equation. Such a procedure is allowed, because @ is
very small just below the critical field H,. Then the
following equation results:

K2
Ky 0..= (AX HZ—K—Zng) 0. (5.6)

33
In order to compare the resulting critical field H,
with the corresponding critical field H, that is
characteristic for the cholesteric-nematic transition,
(5.6) is solved by making use of the difference
method (4.2) with N = 2. Then it holds
8

2
fo—Kn:ﬁ'

,
K3

K33

Ay H3= (5.7)
It should be remarked here that the exact expres-
sion for the critical field H, can be rather easily
determined from (5.6). The first non-trivial solution,
satisfying the boundary conditions 6(0) = 6(d) =0,
is given by 0(z) = sin(n/d) z. This solution appears
as soon as the field strength becomes smaller than
the value given by
K% ( n )2
AyHi=—=1§— Ky3|—| . 5.8
v4 K, 0K\ (5.8)

This result was first obtained by Greubel [3] in a
slightly different way. Later on the complete solu-
tion of the set of Egs. (5.3) was given by Fischer [4].
Comparing the expressions (5.7) and (5.8) it may be
concluded that the simplest difference method, i.e.
N =2, gives quite satisfactory answers in a first
approximation.

6. Conclusion

A helix-like director field satisfying homeotropic
boundary conditions and having only components
perpendicular to the helix axis, which is directed
parallel to the boundary planes, can be a smooth
periodic function, although the solutions of Laplace’s
equation always contain singularities in that case.
According to Cladis and Kléman such a director
field must contain line singularities. However, the
analysis in this paper shows clearly that non-
singular solutions can be constructed. In this context
it is worth-while to remark that the relevance of the
singular and non-singular solutions cannot be com-
pared, because the energy density at singularities is
not well-defined.

In the case of the one-constant approximation a
lower bound for the critical field H; can be easily
obtained by approximating € by (7/2) sin 6. Then it
follows 5

A)(H%=Kn—{t%—£].

4 d?

This means that a helix-like solution is certainly
impossible as soon as

p_ 1
d>2n1/7.

Clearly the existence of a critical width of the layer
in order to allow for a helix with its axis along the
x-direction is in total conformity with expectations
based upon physical reasoning. An analogous con-
clusion can be drawn for the appearance of a helix
with its axis along the z-axis using the result con-
cerning the nematic-cholesteric transition. The
estimation (6.2) is qualitatively confirmed by the
exact result (3.12).

Finally the question remains, also in view of the
rather artificial construction of the director field,
whether this type of cholesteric-nematic transition is
actually observed in displays [5, 7). With respect to
that it should be remarked that Cladis and Kléman
pointed out that the assumption, n,=0, is not
obeyed in the absence of a magnetic field. Similar

6.1)

(6.2)
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remarks have been made by Wahl [8], who studied
cholesteric inversion structures generated by tor-
sional shear flow. Clearly it would be of interest to
study the director field (5.1) with 6 and ¢ being
functions of both x and z. The resulting mathemat-
ical problem, however, is quite difficult and up to
now unsolved.

Appendix

In order to gain insight into the usefulness of the
difference method it is quite instructive to apply
this method to the Fréedericksz transition [6]. Con-
sider e.g. a nematic planar layer of thickness d with
rigid boundary conditions. The normal to the layer
is taken to be parallel to the z-axis. The components
of the director are given by
n.=0. (A.l)

ny=cos§(z); n,=sinb(z);

The boundaries of the layers are defined by z=10
and z=d. Because of the planar boundary con-
ditions it holds

0(0) = 6(d) = 0.

Next a magnetic field is applied in the y-direction.
The Frank free energy per unit area reads

(A2)

d
F—-j[Kzz 6% — Ay H*sin? 6] dz, (A.3)
where 6(z) is determined by the Euler-Lagrange
equation
Ka_ 0..=—sin 6 cos 6. (A.4)
Ay H? °F

In terms of the simplest difference method, i.e.
N =2, expression (A.4) changes into

8Kz 0(%)=—sin0(%) cosﬁ(%). (A.5)

d*Ay H?
. G. de Gennes, Solid State Comm. 6, 163 (1968).
. B. Meyer, Appl. Phys. Lett. 14,208 (1969).
. Greubel, Appl. Phys. Lett. 25,5 (1974).
F scher, Z Naturforsch. 3la,4l (1975).
I_.;, Cladis and M. Kléman, Mol. Cr. Liq. Cr. 16, 1

(1927

The Field-Induced Cholesteric-Nematic Transition in Liquid Crystals 9

Just above the threshold 6(d/2) is small. This means
that sin 6(d/2) cos 6(d/2) may be approximated by
0(d/2). Consequently the threshold value of the
critical field follows from

Forr el
YEEr:

2)2 K

_V__ an . (A.6)
d Ay

The exact value, as follows from (A.4), is given by

4

]/K
7 —A—z—z This means that the simplest difference
X

method approximates the real threshold value
already up to 90%. The distortion, induced by a
magnetic field, H > H., can be easily estimated
using (A.5). It follows, putting 6(d/2) =%7z(l —e),

it ;
n(l—¢)=sinme.
H

If H is large compared to H., sin ¢ may be
approximated by 7 ¢, and ¢ is given by

(A7)

e=a*/(1+a2%, a=H./H. (A.8)
Puttlng H=2H.and H=4H one finds ¢ =+ L and
6—7, respectively. These values are quite close to
the exact values obtained by numerical integration
on the computer [9].

According to the remark in Sect. 4 this result can
also be obtained by putting 6(z) = bsingz. Then

(A.5) reads
Ky
Ay H?

_qZ

b=—%sin2b. (A9)

This relation determines the exact value of H;
approximate values for the amplitude b can be
obtained according to the procedures mentioned
above.
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